A method for the generation of globally attractive limit cycles for nonlinear systems is presented. It consists in designing an output that, when regulated through a suitable feedback, forces a limit cycle in the zero dynamics. Conditions are then given to ensure that a glohally attractive limit cycle in the zero dynamics results in a globally attractive limit cycle in the whole system. The method is briefly illustrated on the torque control of an induction motor.
h many applications, the natural operating mode of a control system is an oscillating one. However, the oscillations are not always present in the open-loop dynamics. ThereSore, it is relevant to study new control design methods forcing the internal system dynamics to present a pre-specified limit cycle. Examples of such systems are: walking mechanisms (the full system state should behave periodically), rotating machines (the internal states, i.e. current and flux, %re oscillatory if the torque output is kept constant), the synchronization of a vertically landing aircraft with the oscillation of a platform (e.g. an aircraft carrier), etc.
Existing publications addressing problems in this category include the work of Hauser and Choo (see [6] ) which, under the hypothesis of the existence of a limit cycle, present a setup for the computation of Lyapunov functions, allowing to determinate if the given Limit cycle is exponentially stable. Nevertheless no procedure is presented for the generation of the limit cycle itself. This latter problem has recently been addressed hy the works of Marconi et d [9], and by Canudas et a l [ 2 ] . In [9] they deal with the problem of tracking an oscillatory signal. The addressed problem is the motion synchronization of a vertically landing aircraft with the oscillation of a platform. In [2], a feedback law that generates globally stable orbits for an underactuated inverted pendulum is presented. This later work is motivated by the walking mechanism.
In certain cases, the oscillatory internal behavior is a byproduct of an output regulation problem. An example is the torque and norm flux regulation problem. earization of these two outputs(as originally proposed by [3] ), leads to an oscillating behavior in the internal dynamics. Indeed, under this particular frame, the flux and current vector asymptotically converge to a linear stable oscil-
, an output is designed and regulated such that the resulting zero dynamics of the system present a limit cycie. Evermore, the family of outputs that is p m posed allows for enough freedom such that the solutions of the zero dynamics can converge towards any prespecified closed curve.
In this paper, we will present a methodology for the design of such outputs that, when regulated through a suitable feedback, force the presence of attractive limit cycles in the zero dynamics. We consider a class of nonlinear systems having a larger number of inputs than outputs such that we have the freedom of generating new outputs. The outputs can then be decomposed into two categories: the regulated outputs, and the auxiliary outputs. Regulated outputs are the ones that reflect the main control objective (i.e. velocity or torque regulation). Auxiliary outputs are free functions of the state to be designed such that the resulting zero dynamics presents a stable limit cycle (i.e. flux).
Also rue give a condition for the global attractivity of the limit cycle to be retained in the dynamics of the whole system. This result is presented in the more general setting where the limit cycle is replaced by a compact set. This paper is structured as follows. In Section 1, we present a class of cascade systems in normal form. We first present a known result for the global stabilization of the origin of this class of systems by partial state feedback, and then we introduce our results ahout the global attractivity of limit cycles in such structures. In Section 2, we introduce a methodology for the design of an output that forces the system to present limit cycles. The system is then controlled by using input-output feedback linearization, so that the resulting system is in the form presented in Section 1. We then give some simulations concerning the induction motor and a conclusion.
Attractive limit sets in cascade systems
In this paper, we will consider the problem of generating a limit cycle in the zero dynamics of affine nonlinear sy% tems. In order to also have a glohally attractive limit cycle in the dynamics of the complete system, some conditions need to be satisfied on the interconnection between the zero dynamics and the rest of the system. and on the stability of the limit cycle in the zero dynamics. Therefore, we analyze the nonlinear system in normal form where E E R', 2 Many stabilization designs are known for this particular normal form. We will present a result of 1101 about the stabilization of the origin of this system by partial state feedback. This result will he needed in the proofs of the main theorems of this paper. It supposes that the interconnect- 
This theorem is proven by first showing that W ( z ) stays bounded. Boundedness of z then comes from the radial unboundedness of " (2) .
Global stability and global attractivity follow from LaSalle's invariance principle.
Almost global attractivity of a compact set Nonlinear systems can present many different kinds of w-limit sets other than an equilibrium point (e.g. see 151) . In this paper, we are interested in the case where one w-limit set is a limit cycle. An important property of the limit cycles is that they are compact sets; therefore, we wiU analyze the situation where one w-limit set is a compact set y.
Two situations will be considered to extend Theorem 1: the case where the n-dynamics (i = f ( r ) ) is globally defined, and the case where the z-dqnamics is defined everywhere except for one value of r. Both of these situations me cnnsidered because, in the context of partially linearizable systems, system (1) is often the normal form corresponding to a given affine system with m inputs and m outputs. The second situation may arise when the change of coordinates leading to this normal form is not a global diffeomorphism. However, we want attractive compact sets in i = f ( r ) to be captured by system (1) whether there are singularities or not. To cover both cases, the notion of almost global attractivity of a compact set is used.
Definition 1 A compact set y is "almost globally attmcfive" for the dynamics
with z E R", if it is attmctive with basin of attraction containing the whole state space minus a set of mensure 0 .
In dimension 2, the simple situation where a limit cycle y attracts every solution except those starting at the manda, tory equilibrium inside the area cicrmribed by y fits into Definition 1: y is almost globally attractive because the equilibrium is of measure 0.
GIobalIy defined dynamics
In this section, we consider the special case where the union of the w-limit sets of (3) is made of an almost globally attractive compact set y and an equilibrium 5 such that y and Z are disjoint.
. Lemma 1 If the union of the w-limit sets of (3) is made of an almost globally attractive compact set y and an equilibrium 5 such that y and 5 are disjoint, the equilibrium 5 is unstable.
Proof: This proof is made by contradiction: if the equilibrium were stable, a ball €4 could be found around this equilibrium such that solutions with initial conditions inside B stay in the neighborhood of the equilibrium (and do not converge to y).
The measure of B being different of zero, stability of the equilibrium is in contradiction with the almost global aL tractivity of the compact set.
Also, if the equilibrium Z. is hyperbolic, corresponding stable and unstable manifolds can be found. For y to be almost globally attractive, the stable manifold must be of measure zero. Indeed, solutions with initial condition in the stable manifold converge to 5 (and not y). Because every solution of (4) is bounded, every solution either converges towards the origin (0:O) or towards the compact set r. Moreover, Lemma 1 implies that z = 0 is an unstable equilibrium in the r-dynamics. The fact that (z,E) = (0,O) is unstable directly follows, which shows (i).
The basin of attraction of the origin (0,O) is the set of initial conditions of solutions not converging t o r . Because it is of measure zero, the compact set r is almost globally attractive, which shows (ii).
If the origin P = 0 is an hyperbolic fixed point for i =a(.), the set of eigenvalues of the Jacobian linearization &0)
contains nu >_ 1 (resp. n, 5 n -T -1) eigenlalues with positive (resp. negative) real parts (n. + n, = n -7 ) .
Since the origin E = 0 is locally exponentially stable for The origin of the complete clod-loop system behaves like a saddle point: it is attractive in some directions and r e pulsive in others. This is illustrated on Figure 1 , where 7 is a limit cycle, n = 3, and r = 1. On that figure, the z system is of dimension 2 with an almost globally attractive limit cycle y. In order to clarify the figure, we suppose that the manifold M a of the origin is the axis. Therefore, every solution starting on that axis converge to the origin
( O , O , O)=.
All the other solutions converge to the limit cycle because the origin is only attractive in the E direction.
Almost globally defined dynamics
As previously stated, we will consider another situation where almost global attractivity of a compact set is necessary: the case where the union of the w-limit sets of the z dynamics only consists of an almost globally attractive compact set y. Instead of the z-dynamics presenting an equilibrium at z = 0, we now consider that these dynamics are not defined at r = 0'. However, we must now impose that solutions of the closed-loop (z,E) never go through z = 0. This is ensured by assuming that the origin of the z subsystem is repulsive in the interconnected system: this can be obtained by having IV > 0 when z is small. Therefore we now assume 'This problem may mme from the potential state singularities that arise while transforming a nonlinear system into the normal form Both those points show that z ( t ) cannot go through or converge towards z = 0. The set t ( 2 . F ) E R"lz # 0} is then a positive invariant set of (5).
Every solution of (5), with z(0) # 0, then converges to the set E = { ( z , t ) E RnlE = 0 and z # 0). LaSalle's invariance principle states that every hounded solution converges to the largest invariant set of E. This set is defined hy the largest invariant set of the z-dynamics: the compact set y.
Every solution of (5), with z(0) # 0, then converges to the compact set r.
The set {(z,E)Iz = 0) is of measure 0 in R". Therefore the set of initial conditions that produce undefined solutions, so that they do not converge towards the compact set, is of measure 0. r is an almost glohdy attractive compact set.
The picture of the complete closed-loop system is similar to that of Figure 1 , the only difference being the absence of definition of solutions on the E axis instead of the convergence to the origin.
Limit cycles In the particular case where the compact limit set y is an almost globally attractive limit cycle for the z-dyn&mics, it remains to show that the almost glob ally attractive compact limit set r is a limit cycle for the complete dynamics. This fact is based on the definition of a limit cycle ((81):
Definition 2 A limit cycle is a closed orbit y such that 7
is the positive limit set of a positive semiorbit y+(y) o r the negative limit set of a negative semiorbit y-(y) for some U # ? .
Because y is a limit cycle for i = f(z), there exists zo such that y is the positive or negative limit set of a positive or negative semiorhit with initial condition zo.
In the complete dynamics, r is obviously ,a closed orbit (because the dynamics on r are i = f(z), E = 0). It then suffices to take (z0,O) a s initial condition of a positive or negative semiorbit, and r is the positive or negative limit set of this semiorhit. The almost globally attractive m npact set r is then a limit cycle.
In this section, we consider the main problem of this p per: the generation of limit cycles through the design of orbitally stable zero dynamics. Therefore, we consider an affine nonlinear system with more inputs than outputs:
. . ,~, )~ ER'" (rn < n, 0 < p 5 m ) . The functions fo : R" -+ W", g : Et" -W'", and h : W" -+ R m -P are smooth.
Example 1 In this section, we will illustrate our design method on the following system in the form (6):
is = x l z z t x~u 2 (7)
If yI is regulated, and the second input uz is not used (u2 = 0 ) , the ( z 2 , q ) subsystem behaves like an harmonic oscillator with angular velocity 11. There is no attractive limit cycle. The oscillations are neutrally stable.
The excess of inputs with respect t o the outputs leaves the possibility of designing p supplementary outputs. Those p outputs will be designed so that the zero dynamics of the system presents a limit cycle; as a consequence, the regulation of the outputs induces a limit cycle in the dynamics of the control system. The outputs can be divided into two classes: the regulated outputs: those are given hy y = h(z) (the regulation of these outputs is required for the solution of the given control problem); the auxiliary outputs: those are designed to generate a limit cycle in the dynamics. The control approach that will be used includes an input-output linearization by feedback (171). made so that the origin of the E subsystem is globally asymptotically and locally exponentially stable.
The existence of an almost globally attractive limit cycle for the complete control system then depends on the dynamics of
and on the.verification of the different hypotheses of Theorems 2 and 3.
Choice of ( Y , , -~+~, . . ', ym)' = (hm-p+l(z), . . . I 
h,(x))'
In order to facilitate the analysis of the presence of a limit cycle, z should be of dimension 2. Because the dimension of (10) is n and the r;, this sum ELl T , should be equal to n -2. For system (7), an output of relative degree 0 should be designed because the dimension of the system is 3 and the relative degree of y, is 1.
Particular case When p = 1, only one auxiliary output can be designed. Its relative degree should be n -2 -ZZY'=;'Ti. plane, these dynamics must satisfy (12), which forces a limit cycle inside the (x.,xb) plane. A limit cycle must then be present in the zero dynamics and in the complete system. The first term of bz and 5 3 induces the oscillation (with an angular velocity 11), the second term induces the attractivity of the level L of W, and the third term is the interconnecting term with the linear part. A limit cycle is present if L > 0 and 31 # 0. In order to prove almost global attractivity of the limit cycle in the normal form (13) of system (7), Theorem 3 should be used, because the dynamics are not defined everywhere.
This method is illustrated on the Park's model of the induction motor. Due to space limitation, we cannot present the whole study here. Details can be found in [4] . The control problem consists in regulating the rotational velocity to a constant value through the use of the two available inputs: the two-dimensional stator voltage. An auxiliary output can then be designed because of the excess of inputs. In 131, the flux norm is chosen as so that its regulation preserves the machine operation under nominal conditions. This gene r a t e a sinusoidal behaviour for the flux components and the currents. In 141, we present a more general family of auxiliary outputs, which can produce more general oscill& tions, a phase plane of the flux components (&, $6) of such oscillations is illustrated on Figure 2 .
Conclusion
In this paper, we have presented two results about the existence of an almost globally attractive limit cycle in a non- used to present a methodology for the design of limit cycles in systems having more inputs available than outputs to regulate. Finally, this methodology is illustrated on the induction motor.
